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Prediction of cavern formation in yield stress fluids in stirred tanks is of great importance for optimization. A new torus
model is developed and then validated by experimental data and computational fluid dynamics simulation. Unlike exist-
ing mathematical models, the new torus model assumes that the circular center of the torus should not be outside the
impeller swept region as the Reynolds number (Re) increases. Hence the cavern boundary is shaped like an apple torus
rather than a horn torus. The new model also considers the cavern-vessel interactions. At relatively high Re, the new
model predicts cavern shape and size better than other models. It correctly captures the cavern outline at various Re,
which verified the assumption about torus center. The new model is then used to identify the influence of rheological
parameters on cavern formation, and further extended to the cavern prediction of the dual-impeller system. VC 2014
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Introduction

Mixing, as an important unit operation in chemical engi-
neering, is frequently needed in chemical and mineral process-
ing, pulp and paper manufacturing, wastewater treatment, and
the food industry. To acquire a thorough understanding of the
phenomena that occur in mixing tanks and thereby optimize
these processes, a large number of experimental, theoretical,
and computational fluid dynamics (CFD) studies have been
carried out in recent decades (see Joshi et al.1 and Nere et al.2

for reviews). Most of these studies focused on Newtonian flu-
ids, and the mixing of non-Newtonian fluids has received less
attention. However, the operating fluids in practical situations
often involve proteins, polymers, or very fine particles that
exhibit non-Newtonian characteristics and yield stress (e.g.,

slurries in mineral processing, pulp suspensions, and fluids in
the human body). Because of their complex rheology, the flow
behavior of non-Newtonian fluids deviates markedly from that
of Newtonian fluids. Understanding the mixing of non-
Newtonian fluids with yield stress is a great challenge.3–7

It has been observed experimentally that the agitation of non-
Newtonian fluids with yield stress or highly shear-thinning flu-
ids usually leads to the formation of cavern and stagnant
regions.8 A cavern is defined as a well-mixed zone around the
impeller, whereas the stagnant region outside is poorly mixed,
which is undesirable. Identifying the cavern size and shape are
important for process design and optimization.

A number of experimental techniques have been used to
characterize cavern formation such as hot-film anemometry,
planar laser-induced fluorescence, laser Doppler anemometry
(LDA), ultrasonic Doppler velocimetry (UDV), particle
image velocimetry, positron emission particle tracking
(PEPT), and electrical resistance tomography (ERT).9 Solo-
mon et al.8 used hot-film anemometry to capture the cavern
boundaries for fluids with yield stress (carbopol and xanthan
gum solutions) or without yield stress (carboxymethyl
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cellulose (CMC) solutions) stirred by a Rushton impeller.
They only observed a pseudocavern in CMC solutions
because the fluid in the mixing tank was always in motion.
In contrast, for the working fluids with yield stress, the
boundary between cavern and stagnant region was readily
distinguished. They proposed the spherical model to describe
caverns. Elson et al.10 used the X-ray heavy-metal tracer
technique to detect cavern formation in working fluids of
xanthan gum using four similar Rushton impellers. A right
circular cylinder was found to describe the cavern better
than a sphere, and larger caverns were obtained for larger
impellers at the same power number. Although the above
x-ray technique is nonintrusive and suitable for opaque flu-
ids, it is limited by the X-ray opacity of the fluid. The col-
ored or florescent dye injection technique facilitates
visualization, and has also been used to study cavern forma-
tion in the mixing of carbopol or xanthan gum solu-
tions.5,6,11–14 Some researchers used LDA to investigate the
fluid dynamics inside caverns. By analyzing the velocity
fields inside the mixing tank, the cavern boundary was deter-
mined.15–17 Both the dye injection and LDA techniques are
restricted to transparent fluids but most non-Newtonian fluids
are opaque. Other more advanced experimental methods
such as UDV, ERT, and PEPT can overcome the opaque
limitation and have been used to investigate cavern forma-
tion in non-Newtonian mixing on the laboratory scale.18–22

However, the accuracy, robustness, ease of application, and
applicability of these methods for the industrial scale still
require improvements.

CFD simulation has become a powerful approach that can
offer detailed insight into a flow. Arratia et al.6 simulated
the laminar and transitional flow of shear-thinning fluids
with yield stress agitated by single- or triple-Rushton impel-
lers in a stirred tank. They found that numerical simulation
correctly predicted the main features of the systems such as
cavern formation and cavern–cavern segregation for
multiple-impeller systems. They also investigated the stretch-
ing fields and scaling behavior and found that at different
scales, the cavern size followed a similar relationship with
Re and cavern–cavern segregation always existed in
multiple-impeller systems even at relatively high Re. Adams
and Barigou5 investigated the formation of caverns inside a
stirred tank with a pitched blade turbine (PBT) by both CFD
and experimental methods. The CFD simulation accurately
predicted cavern size and shape at low Re, but deviations
became considerable at higher Re. The torus model per-
formed better for the prediction of cavern (fluids with yield
stress) and pseudocavern (fluids without yield stress) at
higher Re compared with the spherical and cylindrical

models. Bakker et al.3 simulated cavern formation in agitated
tanks and mechanical flotation cells. They assessed different
turbulence models and recommended the shear-stress trans-
port (SST) k-x model. They also reported that the flows of
non-Newtonian fluids and water behaved very differently
even at the same rotational speed and fluid rheology had a
noticeable effect on cavern characteristics. For example, the
cavern size decreased with increasing yield stress or Bing-
ham viscosity.

Compared with experimental and CFD methods, some cav-
ern models can easily estimate cavern shape and size using
just several measurable parameters (such as yield stress, rota-
tional speed, power input, or axial force). By assuming that
the shear stress at the cavern boundary equals the yield stress
and torque acts tangentially, Solomon et al.8 proposed a spher-
ical model (Figure 1a) through torque balance analysis
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where DC, D, N, NP, and sy are the cavern diameter, impeller
diameter, impeller speed, power number, and yield stress,
respectively. However, they pointed out that the assumption
of spherical cavern shape may not be strictly correct.8

Then, Elson et al.10,23,24 suggested that it was more rea-
sonable to model the cavern as a right circular cylinder cen-
tered on the impeller (Figure 1b) and calculated the cavern
diameter from
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where HC denotes the cavern height. HC/DC is a constant
depending on the impeller type before the cavern reaches the
vessel wall, while afterward the cavern height HC is propor-
tional to Np, where p is also a constant related to the impeller
type.

Unlike the spherical and cylindrical models, Amanullah
et al.13 took both the tangential and axial force components
into account, which made their model applicable for both
radial- and axial-flow impellers. A torus with a zero inner
radius was used to model the cavern shape (Figure 1c). The
circle radius of the torus was calculated according to
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where Nf 5 Fa/(qN2D4) is the dimensionless axial force num-
ber and Fa is the axial force.13

Figure 1. Existing cavern models.
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Hui et al.22 adapted the axial force model and developed a
truncated right circular cylinder model for side-entering
axial-flow impellers by considering the interaction between
cavern and vessel wall. Wilkens et al.25 further developed an
elliptical torus model (Figure 1d) considering only the tan-
gential effect

DC5
32M

p2asy

� �1=3

(4)

HC5
bDC

2
(5)

where M (5p2asyDC
2/32) is the torque imparted by the

impeller, b is the ratio of the major axis to the minor axis
and a is a function of b. a and b depend on the impeller
type. The elliptical torus model is limited to radial flow
impellers because the axial force is neglected.

The spherical, cylinder, and elliptical torus models only
consider the tangential effects and neglect the axial effects,
which is not suitable for axial flow impellers. Although
experiments have revealed that the cavern shape is more like
a torus than a sphere or cylinder,5,6,25 the existing torus
model is limited to the condition where the cavern has not
reached the vessel wall. And, at relatively high Re, the cav-
ern shifts from a horn torus, used in the existing torus model,
to an apple torus. This article proposes a new torus model
assuming that the circle center of the torus should be located
within the impeller swept region. When the circular radius
of the torus is larger than the impeller radius, the center of
the circle remains at the impeller tip and the predicted cav-
ern turns into an apple torus. Furthermore, the new torus
model is extended to situations where the cavern reaches the
vessel wall, which is often encountered in experiments and
industry, by considering the cavern-wall interactions. The
new torus model is validated with experimental data from
the literature5 and obtained in CFD simulation. We then try
to select an appropriate CFD strategy (determination of tur-
bulence model and grid size) to correctly simulate the hydro-
dynamics inside the mixing tank. The influence of each
rheological parameter on the cavern formation is also inves-
tigated by both CFD simulation and the new torus model.

Cavern formation in a dual-impeller system is also studied
by CFD simulations and the new torus model.

New Torus Model

On one hand, the total force imparted by an impeller can
be expressed as

F5qN2D4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2

f 1
4Np

3p

� �2
s

(6)

according to the axial force model of Amanullah et al., and
should be balanced by the total force acting on the cavern
boundary.13,22 On the other hand, the force acting on per
unit area at the interface between the stagnant region and
cavern is equal to the yield stress sy. If the cavern is
assumed to be a horn torus as shown in Figure 2, the follow-
ing equation can be derived

F5sySp5sy�p2 2rCð Þ2 (7)

where Sp denotes the cavern-stagnant interface area, and rC

is the circular radius of the torus. Combining Eqs. 6 and 7
yields Eq. 3 to calculate rC. Taking the impeller center as
the point of origin and z as the rotation axis, the horn torus
model developed by Amanullah et al.13 for fluids with yield
stress can be expressed in Cartesian coordinates (Figure 2)
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In this model, the circle center of the torus (O* in Figure 2)
moves along the impeller as the cavern grows, and is allowed
to be far outside the impeller zone. In this case, rC 5 da>D/2
(Figure 2b), where da denotes the distance between the circle
center and the rotation axis. This keeps the two circles from
overlapping and rC is always equal to da.

However, because it is the impeller that motivates the
working fluids inside the mixing tank and a high shear rate

Figure 2. Comparison of torus models: (a) rC < D/2; (b) rC > D/2.
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usually occurs around the impeller,26–28 the center of the
circle should be kept within the impeller swept region: that
is, da�D/2. When rC is less than the impeller radius
(rC<D/2), rC 5 da<D/2 and the original torus model of
Amanullah et al.13 still applies. But when rC>D/2, the circle
center (O in Figure 2b) should remain at the impeller tip
(da 5 D/2) rather than being outside the impeller swept
region as is assumed in the original torus model. Thus, the

left and right sides of the torus can overlap each other, and
the cavern surface turns into an apple torus as shown in Fig-
ure 2b. In this case, the cavern boundary changes to be

min ðrC;
D

2
Þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x21y2

p� �2

1z25r2
C (10)

where the first term on the left side, min(rC, D/2), restricts
the circle center O within the impeller swept region.

Table 1. The New Torus Model

The new torus model
min ðrC;
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Case Cavern surface area (Sp and Sv)
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Another issue in the new torus is the cavern-wall interac-
tion. Further increasing the rotational speed, the cavern may
touch the vessel wall and the torus becomes truncated. Table
1 illustrates the different cases of cavern-stagnant and
cavern-wall interactions. The total force acting on the cavern
surface changes to22

F5sySp1svSv (21)

where Sv is the surface area of the cavern-vessel contact and
sv is the wall friction force acting on per unit cavern-vessel
area. It can be reasonably assumed that sv 5 Ksy, where K is
greater than 1 because the yield stress must be overcome to
drive the working liquid. Equation 21 can thus be reformu-
lated as

F5sy Sp1KSv

� �
(22)

K is a constant as a first approximation. Combining Eqs. 6
and 22 leads to
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Equations 10 and 23 give a new torus model, and when the
circular radius is small [rC<min(D/2, C, T/4)], the new torus
model is reduced to the torus model. To obtain the cavern size
rC for different cases in Table 1, Sp and Sv should be determined
analytically. Taking the Case 6 as an example (Figure 3), the
cavern-stagnant surface can be analytically formulated as
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The cavern-wall surface area is composed of the cavern-
vessel interface (S1) and cavern-bottom interface (S2)
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Sp and Sv are functions of torus radius rC, and we are thus
in a position to determine the torus radius rC by simple itera-
tions using Eq. 23.

CFD Simulation

CFD simulation is used to obtain more detailed information
about the cavern formation, the power and axial force numbers
and then validate the new torus model. The configuration of the
simulated single-impeller mixing tank is the same as that in the
experiment published by Adams and Barigou.5 For the dual-
impeller system, the height of the mixing tank is augmented to
0.2 m to avoid the influence of the top surface (Figure 4)

The working fluid is a 0.1 wt % aqueous solution of car-
bopol and its rheology can be described by the Herschel–
Bulkley equation

s5sy1k _cn (31)

l5s _c5sy _c1k _cn21 (32)

where s, k, and n represent the shear stress, fluid consistency
coefficient, and flow behavior index, respectively. To avoid
the denominator having a value of zero at _c 5 0, a piecewise
equation is adopted

l ¼ ly; for 0 � _c � sy=ly

l ¼
sy þ k _cn2 sy=ly

� �n� �
_c

; for _c > sy=ly

8><
>: (33)

where ly is a large number (20,000 kg/m s) to ensure that
the slurry behaves as a solid when not being yielded.

The Metzner–Otto correlation is used to calculate the
effective viscosity29,30

_ce5ksN (34)

where the constant ks 5 11 for the PBT impeller according to
Adams and Barigou.5 The effective viscosity and Re can
then be calculated from

TABLE 1. Continued
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le5
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Re5
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Other dimensionless numbers used to evaluate the per-
formance of a mixing tank such as the power number (NP)
and flow number (NQ), which are related to power consump-
tion and pumping capacity, respectively, are calculated as

NP5
P

qN3D5
(37)

NQ5
Q

ND3
(38)

where P is the power input and Q the axial volume flow rate
defined by Nienow31 for axial impellers.

The commercial CFD package Fluent 6.3.26 was used for
the simulations. In this work, the flow interaction between
baffles and impellers is not critical because the distance
between them was large, so the multiple reference frames
method was adopted to model the impellers. The rotational
and inertial frames were used for the domain around the
impeller and the outside region, respectively. Both tetrahe-
dral and hexahedral meshes were used to discretize the com-

putational volume and the third-order MUSCL scheme was
used to minimize numerical diffusion. The critical residuals
for convergence are set to be 1024 and the variation of the
impeller moment is also taken as a criterion for
convergence.

Grid practical independence

The grid practical independence test was carried out at
Re 5 163.2 (N 5 368 rpm) with the standard k-e model.
Table 2 shows the power and flow numbers predicted by
simulations with six different grids. Figure 5 illustrates the
cavern boundary and power and flow numbers. As mentioned
by Bakker et al.3, it is reasonable to define the cavern
boundary as an isosurface with a strain rate less than 0.2
s21; in this study, a critical value of 0.1 was used. Grid prac-
tical independence was achieved for mesh numbers of more
than 1,155,863: the differences in both cavern shape and size
were negligible and the variation of power and flow numbers
predicted by CFD was less than 3%. As a compromise
between computational cost and accuracy, Grid 4 was used
in the following simulation.

Turbulence model

At low rotational speed, the flow inside the stirred tank
can be modeled as laminar flow. When the cavern reaches
the vessel wall, the impeller speed is higher and the flow
around the impeller may be turbulent yet laminar around the
cavern boundary. Thus, a turbulence model should be care-
fully chosen to cover the whole region. Six turbulence
models, the laminar, Spalart–Allmaras, standard k-e, renorm-
alization group (RNG) k-e, standard k-x, and SST k-x mod-
els, were investigated in this study. The caverns predicted by
different models at various Re are presented in Figure 6. At
low Re, the k-e models (including the standard and RNG k-e

Figure 3. Cavern surface area for Case 6 in Table 1.

Figure 4. Configurations for single- and dual-impeller system simulations: (a) single-impeller system (H 5 T 5 0.148
m, B 5 0.1T, D 5 C 5 T/3); (b) dual-impeller system (H 5 4/3T); (c) PBT.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 2. Grid Practical Independence Test

Cases Mesh Number Power Number Flow Number

Grid 1 386,673 2.130 0.415
Grid 2 543,778 1.926 0.501
Grid 3 764,265 2.082 0.456
Grid 4 1,155,863 2.038 0.484
Grid 5 1,305,508 2.030 0.492
Grid 6 1,530,418 2.030 0.490

3062 DOI 10.1002/aic Published on behalf of the AIChE August 2014 Vol. 60, No. 8 AIChE Journal
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models) greatly overpredict the cavern size, while they per-
form better at relatively high Re. All of the other models can
correctly predict the cavern shape and size at various rota-
tional speeds and show little difference. In general, all these

models slightly overpredict the cavern size at low Re, and
perform better at high Re.

However, the differences in power and flow numbers pre-
dicted by different turbulence models are considerable

Figure 5. (a) Cavern boundary prediction and (b) power number and flow number for different mesh numbers.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Cavern predicted by different turbulence models.

Here, S–A: Spalart–Allmaras model; Ske: standard k-e model; RNG: RNG k-e model; Skw: standard k-x model; SST: SST k-x
model. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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(Figure 7). The k-e models have much higher power numbers
than those of other models at low Re. The reason for this
may be that the fully turbulent assumption in k-e models is
not suitable for low Reynolds number flow. The standard

and SST k-x models have similar forms, however, the SST
k-x model adopts the k-x model near the wall region and
the k-e model in the far field, which makes it more reliable
for complex flows.32 The k-x models offer similar results to
the laminar model at low Re because a low-Re correction
was used. As Re increases, turbulence appears and the results
obtained by k-x models deviate from those of the laminar
model and are similar to those of the k-e models.

Overall, it can be concluded that the laminar and Spalart–
Allmaras models perform well at low Re but lose accuracy
at high Re; the k-e models overpredict the cavern size at low
Re; and the standard and SST k-x models may not perform
best at every Re but have reasonable predictions at relatively
wide range of Re and hence are recommended, which is in
accordance with Bakker et al.3 In this article, the SST k-x
model was used in the following simulation. The power and
axial force numbers required in the cavern model were
extracted from the CFD simulation, as shown in Table 3.

Validation of the New Torus Model

In this section, the new torus model was compared with
other cavern models, and validated using the experimental
data obtained at various Re5 as well as CFD simulations.
The value of K in Eq. 22 should first be determined by com-
parison with experimental data, as shown in Figure 8. If
K 5 1 following Hui et al.,22 the wall friction force is equal
to the yield stress, and the new torus model greatly overpre-
dicts the cavern size. This suggests that the wall friction
force should be larger than the yield stress (K> 1). When
K 5 1.2–1.8, the new torus model gives a reasonable predic-
tion, and may vary in different regions. For simplicity,
K 5 1.4 was used in the following study.

Figure 7. Power and flow numbers predicted by different turbulence models.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 3. Power and Axial Force Numbers Obtained by CFD Simulation with SST k-x Model

Reynolds Number Re 5 7.3 Re 5 20.4 Re 5 70.3 Re 5 86.6 Re 5 163.2

Power number 10.439 4.090 2.287 2.127 1.902
Axial force number 2.943 0.992 0.403 0.402 0.491

Figure 8. Effect of K on cavern prediction.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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CFD simulation offers an insight into the flow field and
was used to validate the cavern model. Figure 9 shows the
streamlines starting from the impeller and the velocity field
calculated by CFD. At Re 5 7.3, the vortex structure is insig-
nificant and only the upper loop was observed. The torus
model and new torus model gave the same prediction and
correctly captured the profiles of the streamlines. As Re
increases (Re 5 20.4), the upper and lower vortices develop.
The upper loop starts to be interfered with the symmetry
axis (the rotational axis), which makes the cavern resemble
an apple torus rather than a horn torus, and a difference
between the torus model and CFD simulation in cavern pre-
diction emerges. The torus model can roughly capture the
cavern size. Further increasing the Re (Re 5 70.3), the upper
and lower vortices become larger and both are truncated by
the symmetric axis, which makes the cavern shape greatly
deviate from the horn torus. The apple torus predicted by the
new torus model successfully captures the streamline profiles
of both the upper and lower loops. At Re 5 163.2, the upper
vortex is restricted by the vessel wall while the lower
touches the bottom. The original torus model, which does
not consider cavern-wall interactions, further deviates from
the CFD prediction. Meanwhile, the new torus model takes
the cavern-wall interaction into consideration and correctly
predicts the profiles of both the upper and lower vortices. It
can thus be concluded that at low Re, the vortex structure is
insignificant and the torus model can predict the cavern
boundary with acceptable tolerance. With increasing Re, the
upper and lower vortices grow and become truncated by the
symmetric axis. The cavern resembles an apple torus and
only the new torus model can capture the profile of stream-
lines; the original torus model fails. Upon further increasing
Re, the upper and lower vortices touch the vessel wall, so
cavern-wall interactions should be considered.

Figure 10 compares the cavern boundary predicted by the

new torus model with those determined by other cavern mod-

els. At low Re (Re 5 7.3 and 20.4), all mathematical models

correctly predict the cavern formation and the cylindrical

model shows closest agreement with experimental data. As Re
increases, the cylindrical model underpredicts the cavern size

because it neglects the axial component, which was also

reported by Adams and Barigou.5 Other models such as the

spherical and original torus models are unsuitable at relatively

high Re where the cavern boundary exhibits an apple torus

shape (Re> 20.4 in Figure 10), especially when the cavern

boundary reaches the vessel. Only the new torus model main-

tains its accuracy in cavern boundary prediction, which is a

marked advantage over other cavern models.
As shown above, CFD could correctly predict the cavern

boundary and offer more accurate and detailed cavern infor-

mation at various Re than cavern models. Thus, in the absence

of experimental data, CFD could be used to evaluate cavern

models. Figure 11 shows the cavern height HC (defined in Fig-

ure 3) predicted by cavern models and CFD simulations at var-

ious Re for two fluids with different rheology. The new torus

model matches the CFD prediction well for both fluids and

provides a much better prediction than the original torus model

proposed by Amanullah et al.,13 which substantially underesti-

mates cavern height. When the cavern touches the vessel wall

(at Re �75 in Figure 11a and Re �85 in Figure 11b), the

increase in cavern height with Re slows, which was captured

by CFD and the modified torus model, but not by the original

torus model. This also indicates that cavern-wall interactions

should be considered and the wall friction force should be

larger than the yield stress.
We then investigated the influence of each rheological

parameters on cavern formation with CFD and cavern mod-
els at constant rotational speed (N 5 242 rpm). Because sy is
the threshold that should be exceeded to make the fluid flow
and is directly correlated to the cavern size calculation (Eq.
23), increasing the yield stress markedly decreases cavern
size (Figure 12a). Conversely, the CFD results show that the
cavern size increases with both n and k (Figures 12b, c).
Both the torus and new torus model captured these tenden-
cies, although the new torus model showed better agreements
with CFD predictions than the original.

Cavern Formation in a Dual-Impeller System

Multiple-impeller systems are usually encountered in
industry. The hydrodynamics and cavern formation in such
systems are much more complex than those with a single
impeller. At low Re, the interaction between impellers is
weak (Figure 13). As the Re increases, the interaction
between impellers becomes considerable, which makes the
caverns formed by each overlap. At relatively high Re, there
are two ways to model cavern formation. In the first
approach, the dual-impeller system can be simplified as a
single impeller with its center located at the midpoint
between the impellers. The power consumption and axial
force required in the cavern model are assumed to be the
summation of each impeller. Taking the center of the lower
impeller as the origin point, this method can be formulated
using the torus model as
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where Sp and Sv are calculated using Eqs. 13–20, as pre-
sented in Table 1. Nf_T and NP_T represent the total axial
force number and power number, respectively, and can be
obtained using Eqs. 41 and 42.

The second approach considers the effect of each impeller
separately and can be formulated using the torus model as
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and using the new torus model as
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Figure 10. Comparison of cavern boundary predictions at different Re.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Streamlines and velocity contour at various Re obtained by CFD simulation.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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where Sp and Sv are calculated from equations in Table 1.
zlower 5 0 and zupper 5 S if we take the center of the lower

Figure 11. Cavern height predicted by the CFD simulation and different cavern models for fluids with different
rheology.

Figure 12. Influence of different rheological parameters on cavern formation at constant rotational speed (N 5 242
rpm).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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impeller as the origin. The first method is suitable in case
where the interaction between impellers is strong, whereas
the latter is suitable for the case where the interaction
between impellers is weaker.

To validate the two methods using both the torus and new
torus models, CFD simulations with different impeller spac-
ing (S) were carried out at Re 5 86.6. As shown in Figures
14 and 15, with increasing impeller spacing, more fluid in
the upper zone is stirred by the impellers and the total cav-
ern size increases. The CFD predictions show that the cavern
for the dual-impeller system is still shaped more like an
apple torus than a horn torus at relatively high Re and
touches the vessel wall. The two methods with the original
torus model cannot correctly capture the cavern boundary

because of the assumption of a horn torus at all Re and
because cavern-wall interactions were not considered. In
contrast, for the new torus model, both Method 1 and 2 cor-
rectly predicted the cavern boundary with acceptable toler-
ance. At small impeller spacing (S 5 0.6D), the first method
(Eqs. 43 and 44) accurately predicted the cavern size and
shape for a dual-impeller system because the interactions
between impellers are marked and the performance of the
impellers is greatly affected by each other. As the impeller
spacing increases, the first method gradually loses its accu-
racy, whereas the second method (Eqs. 47 and 48) becomes
more accurate when the interaction between impellers is
weak (S 5 1.4D).

Both the total power and flow numbers increase with
impeller spacing S, as shown in Figure 16. The power num-
ber for each impeller is almost the same while the axial flow
number of the upper impeller is much larger than that of the
lower one, as the axial flow rate of the upper impeller is
much larger than that of the lower impeller, as shown in Fig-
ure 14. As S increases, the interactions between the impellers

Figure 13. Prediction of low-Re flow for a dual-impeller
system (Re 5 7.3 and S 5 D).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 14. Caverns predicted by CFD and cavern models for a dual-impeller system (Re 5 86.6).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 15. Ratio of cavern area to total area predicted
by CFD and the two torus models
(Re 5 86.6).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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become less important and the flow number for each impel-
ler approaches that of the other.

Conclusions

A new torus model is proposed for the mixing of fluids with
yield stress by PBT impeller in baffled stirred tanks and vali-
dated by CFD simulation and experiment data from the litera-
ture. The new torus model assumes that the circular center
should not exceed the impeller swept region (da�D/2), which
implies that the cavern boundary is more like an apple torus
rather than a horn torus when the cavern grows up. This model
also considers the interaction between the cavern and the ves-
sel wall. By comparison with CFD predictions, we confirmed
that the new torus model is able to correctly capture the pro-
files of streamlines at various Re. Compared with the experi-
mental data, all cavern models have acceptable predictions at
low Re, while only the new torus model can correctly predict
the torus size and shape at higher Re. Both CFD and the new
torus model indicate that the growth rate of cavern height with
Re slows down when the cavern reaches the vessel. The influ-
ence of each rheological parameter can also be analyzed by
the new torus model. Compared with the original torus model,
the new torus model shows better agreement with CFD simu-
lation. Two methods were proposed to predict cavern forma-
tion in a dual-impeller mixing tank: (1) using a single impeller
to represent the effects of two impellers with the same total
power consumption and axial force; (2) considering the effects
of each impeller separately. The CFD results show that the
cavern for a dual-impeller system at Re 5 86.6 is shaped more
like an apple torus rather than a horn torus model and touches
the vessel wall. The original torus model cannot correctly
describe cavern formation in this situation. In contrast, both
the methods with the new torus model show acceptable agree-
ments with CFD predictions. It was found that the first method
is more suitable for situations where the interaction between
impellers is important while the second performs better when
the interaction weakens as impeller spacing increases.
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Notation

B = baffle width, m
C = impeller off-bottom clearance, m
D = impeller diameter, m

DC = cavern diameter, m
F = total force imparted by impeller, N

Fa = axial force imparted by impeller, N
H = height of fluid in vessel, m

HC = cavern height, m
k = fluid consistency coefficient, Pa sn

K = ratio of wall friction force to yield stress, dimensionless
ks = constant used in the Metzner–Otto relationship, dimensionless
n = flow behavior index, dimensionless
N = rotational speed, s21

Nf = axial force number, dimensionless
NP = power number, dimensionless
NQ = flow number, dimensionless

P = power input, W
Q = impeller pumping rate, m3 s21

rC = cavern radius, m
Re = Reynolds number, dimensionless

S = impeller spacing, m
Sp = surface of cavern-stagnant regime, m2

Sv = surface of cavern-vessel, m2

T = tank diameter, m

Greek letters

a = ellipse parameter in the elliptical torus model, dimensionless
b = ratio of the major axis to the minor axis of an ellipse in the ellipti-

cal torus model, dimensionless
_c = shear rate, s21

m = viscosity, Pa s21

q = fluid density, kg m23

s = shear stress, Pa
sy = yield stress, Pa
sv = wall friction force per unit area, Pa

Abbreviations

CFD = computational fluid dynamics
CMC = carboxymethyl cellulose
ERT = electrical resistance tomography
LDA = laser Doppler anemometry
MRF = multiple reference frame
PBT = pitched blade turbine
PEPI = positron emission projection imaging

Figure 16. Influence of impeller spacing on the power and flow numbers for a dual-impeller system (Re 5 86.6).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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PIV = particle image velocimetry
PLIF = planar laser-induced fluorescence

RANS = Reynolds-averaged Navier–Stokes
UDV = ultrasonic Doppler velocimetry
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